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RIGIDITY OF EINSTEIN METRICS AS CRITICAL
POINTS OF QUADRATIC CURVATURE FUNCTIONALS
ON CLOSED MANIFOLDS
BINGQING MA, GUANGYUE HUANG, XINGXIAO LI, AND YU CHEN
Abstract. In this paper, we prove some rigidity results for the Einstein
metrics as the critical points of a family of known quadratic curvature
functionals on closed manifolds, characterized by some point-wise in-
equalities. Moreover, we also provide a few rigidity results that involve
the Weyl curvature, the trace-less Ricci curvature and the Yamabe in-
variant, accordingly.
1. Introduction
In this paper, we always assume thatMn is a closed manifold of dimension
n ≥ 3 and g a Riemannian metric on Mn with the Riemannian curvature
tensor Rijkl, the Ricci tensor Rij and the scalar curvature R. It is well-
known that any Einstein metric g must be critical for the Einstein-Hilbert
functional
H =
∫
M
R
defined on the space M1(M
n) of equivalence classes of smooth Riemannian
metrics of volume one on Mn. On the other hand, Catino considered in [4]
the following family of quadratic curvature functionals
Ft =
∫
M
|Rij |2 + t
∫
M
R2, t ∈ R (1.1)
which are also defined on M1(M
n), and proved some related rigidity results.
Furthermore, it has been observed in [2] that every Einstein metric is a
critical point of Ft for all t ∈ R, see (2.5) below. But the converse of this
conclusion is not true in general.
Therefore it is natural to ask that under what conditions a critical metric
for the functionals Ft must be a Einstein one. In fact, there have been a
number of interesting conclusions to this problem, for example, under some
suitable curvature conditions ( [4,15,16]), or under some integral conditions
( [9, 13]). For other development in this direction, we refer the readers
to [1, 3, 10,11] and the references therein.
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Recall that the Yamabe invariant YM ([g]) is defined by
YM ([g]) = inf
g˜∈[g]
∫
M
R˜ dvg˜
(
∫
M
dvg˜)
n−2
n
=
4(n− 1)
n− 2 infu∈W 1,2(Mn)
∫
M
|∇u|2 dvg + n−24(n−1)
∫
M
Ru2 dvg
(
∫
M
|u| 2nn−2 dvg)
n−2
n
, (1.2)
where [g] is the conformal class of the metric g. It then follows that
n− 2
4(n− 1)YM ([g])
(∫
M
|u| 2nn−2 dvg
)n−2
n
≤
∫
M
|∇u|2 dvg + n− 2
4(n − 1)
∫
M
Ru2 dvg, (1.3)
for all u ∈ W 1,2(Mn). Moreover, YM([g]) is positive if and only if there
exists a conformal metric in [g] with everywhere positive scalar curvature.
In the present paper, by using some pinching conditions involving the
Weyl curvature, the trace-less Ricci curvature and the Yamabe invariant,
we aim to prove a number of rigidity theorems for the Einstein metrics
considered as the critical points of the functional family Ft (t ∈ R). For
convenience, we shall use R˚ic and W throughout this paper to denote the
trace-less Ricci curvature and the Weyl curvature, respectively.
Our main results are stated as follows.
Theorem 1.1. Let (Mn, g) be a closed Riemannian manifold of dimension
n ≥ 3 with positive scalar curvature and g is a critical metric for the func-
tional family Ft over M1(Mn), where

t < − 512 , if n = 3;
t < −13 , if n = 4;
t ≤ − n4(n−1) , if n ≥ 5.
(1.4)
Suppose that∣∣∣W− n− 4√
2n(n − 2)R˚ic©∧ g
∣∣∣
< −
√
2
(n− 1)(n− 2)
(
2(n − 2) + 2n(n− 1)t
n
+ 1
)
R. (1.5)
Then (Mn, g) must be of Einstein.
In particular, when n = 3, we have W = 0 automatically. On the other
hand, from (2.2) it is seen that an Einstein manifoldM3 with positive scalar
curvature must be of constant positive sectional curvature. Moreover, it
follows from Lemma 2.3 that |R˚ic©∧ g| = 2|R˚ic| on M3. Consequently, the
following conclusion is immediate by Theorem 1.1.
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Corollary 1.2. Let (M3, g) be as in Theorem 1.1 with n = 3. If
|R˚ic| < −5 + 12t√
6
R, for t < − 5
12
, (1.6)
then (M3, g) must be of constant positive sectional curvature.
Next, for t = −12 , we give rigidity results by using pointwise inequalities.
Theorem 1.3. Let (Mn, g) be a closed Riemannian manifold of dimension
n ≥ 3 with positive scalar curvature and g is a critical metric for the func-
tional F− 1
2
over M1(M
n). Suppose that
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣ ≤ n2 − 3n+ 4
n
√
2(n − 1)(n − 2)R. (1.7)
If there exists a point where the inequality in (1.7) is strict, then (Mn, g)
must be of Einstein.
To state the next theorem, we first introduce a constant
Cn =


1√
6
, if n = 4;
3
√
15−6
8
√
10
, if n = 5;
2
n
(
2(n−2)√
n(n−1)
+ n
2−n−4√
n(n−1)(n+1)(n−2)
)−1
, if n ≥ 6.
(1.8)
Then, in terms of the Yamabe invariant, we have the following theorem:
Theorem 1.4. Let (Mn, g) be a closed Riemannian manifold of dimension
n ≥ 3 with positive scalar curvature and g is a critical metric for the func-
tional Ft (t ≤ −12) over M1(Mn). Suppose that( ∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 ) 2n ≤ 1
4
√
n− 2
2(n− 1)YM ([g]). (1.9)
Then (Mn, g) must be of Einstein. Furthermore,
(1) if n = 3, 4, 5, then (1.9) implies that (Mn, g) is of constant positive
sectional curvature;
(2) if n ≥ 6 and (1.9) is replaced with(∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 ) 2n < CnYM([g]), (1.10)
then (Mn, g) must be of constant positive sectional curvature.
Corollary 1.5. Let (M4, g) be as in Theorem 1.4 with n = 4. Suppose that∫
M
(
|W |2 + 5
4
|R˚ij |2
)
≤ 1
48
∫
M
R2. (1.11)
Then, (M4, g) must be of constant positive sectional curvature.
For a four dimensional Riemannian manifold, we also have the following
rigidity theorem:
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Theorem 1.6. Let (M4, g) be closed with positive scalar curvature and g be
critical for Ft over M1(M4), where
−1
4
≤ t < −1
6
. (1.12)
Suppose that (∫
M
∣∣∣W + 1
2
√
2
R˚ic©∧ g
∣∣∣2) 12 < −1 + 6t
2
√
3
YM ([g]). (1.13)
Then, (M4, g) must be of constant positive sectional curvature.
Corollary 1.7. Let (M4, g) be as in Theorem 1.6. If∫
M
(
|W |2 + [1 + (1 + 6t)2]|R˚ij |2
)
≤ (1 + 6t)
2
12
∫
M
R2, (1.14)
then (M4, g) must be of constant positive sectional curvature.
We remark that our rigidity results in both Corollary 1.5 and Corollary
1.7 can also be described in terms of the Euler-Poincare´ characteristic. In
fact, by the well-known Chern-Gauss-Bonnet formula ( [2, Equation 6.31])∫
M
(
|W 2 − 2|R˚ij |2 + 1
6
R2
)
= 32pi2χ(M), (1.15)
with χ(M) being the Euler-Poincare´ characteristic of M4, the pinching con-
ditions (1.11) and (1.14) are equivalent to
13
2
∫
M
|W |2 + 1
3
∫
M
R2 ≤ 80pi2χ(M) (1.16)
and
3 + (1 + 6t)2
2
∫
M
|W |2 + 1
12
∫
M
R2 ≤ 16[1 + (1 + 6t)2]pi2χ(M), (1.17)
respectively. So we have the following corollary.
Corollary 1.8. Let (M4, g) be closed with positive scalar curvature. If ei-
ther (1) g is the critical point of Ft over M1(M4) with t ≤ −12 , and (M4, g)
satisfies (1.16), or (2) g is the critical point of Ft over M1(M4) with (1.12),
and (M4, g) satisfies (1.17), then (M4, g) must be of constant positive sec-
tional curvature.
Remark 1.1. It should be emphasized that our Corollary 1.2 greatly improves
a similar Theorem of Catino in [4].
In fact, combining with Remark 1.7 of Catino [4] and (i) of Theorem 1.1
in [13], the mentioned Theorem of Catino can be stated as follows:
Theorem 1.9 ( [4], Theorem 1.5). Let (M3, g) be a Riemannian manifold
with positive scalar curvature and g be a critical metric for Ft with t ∈
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(−∞,−12 ] ∪ [−ε0,−16), where ε0 ≈ 0.3652. Then g must have constant
positive sectional curvature if
|R˚ic| < −1 + 6t
2
√
6
R. (1.18)
But it is easy to check that
− 1 + 6t
2
√
6
< −5 + 12t√
6
, for t ∈ (−∞,−1
2
), (1.19)
which shows that our pinching condition (1.6) is better than that of Catinos’
in this case. Furthermore, the interval (−∞,− 512 ) we use for t is clearly
larger than the interval (−∞,−12 ] ∪ [−ε0,−16 ) used by Catinos.
We should remark that, when n ≥ 4, our Theorem 1.1 also generalizes
the conclusion (ii) of Theorem 1.1 in [13].
Acknowledgment. The second author of this paper thanks Professor Haip-
ing Fu for sending him the recent achievements in this direction.
2. Some necessary lemmas
Recall that the Weyl curvature Wijkl of a Riemannian manifold (M
n, g)
with n ≥ 3 is related to the Riemannian curvature Rijkl by
Wijkl =Rijkl − 1
n− 2(Rikgjl −Rilgjk +Rjlgik −Rjkgil)
+
R
(n − 1)(n− 2)(gikgjl − gilgjk). (2.1)
Since the traceless Ricci curvature R˚ij = Rij − Rn gij , (2.1) can be written as
Wijkl =Rijkl − 1
n− 2(R˚ikgjl − R˚ilgjk + R˚jlgik − R˚jkgil)
− R
n(n− 1)(gikgjl − gilgjk). (2.2)
Furthermore, the Cotton tensor is defined by
Cijk =Rkj,i −Rki,j − 1
2(n − 1)(R,igjk −R,jgik)
=R˚kj,i − R˚ki,j + n− 2
2n(n− 1)(R,igjk −R,jgik), (2.3)
where the indices after a comma denote the covariant derivatives. Then the
divergence of the Weyl curvature tensor is related to the Cotton tensor by
− n− 3
n− 2Cijk =Wijkl,l. (2.4)
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It has been shown by Catino in [4, Proposition 2.1] that a metric g is
critical for Ft over M1(Mn) if and only if it satisfies the following equations
∆R˚ij =(1 + 2t)R,ij − 1 + 2t
n
(∆R)gij − 2RikjlR˚kl
− 2 + 2nt
n
RR˚ij +
2
n
|R˚ij|2gij , (2.5)
[n+ 4(n− 1)t]∆R = (n− 4)[|Rij |2 + tR2 − λ], (2.6)
where λ = Ft(g).
It is easy to see from (2.5) that
1
2
∆|R˚ij |2 =|∇R˚ij|2 + R˚ij∆R˚ij
=|∇R˚ij|2 + (1 + 2t)R˚ijR,ij − 2RikjlR˚klR˚ij − 2 + 2nt
n
R|R˚ij|2
=|∇R˚ij|2 + (1 + 2t)R˚ijR,ij − 2(n − 2) + 2n(n − 1)t
n(n− 1) R|R˚ij |
2
+
4
n− 2R˚ijR˚jkR˚ki − 2WikjlR˚klR˚ij . (2.7)
Integrating both sides of (2.7) yields
0 =
∫
M
|∇R˚ij |2 −
∫
M
(
2WikjlR˚klR˚ij − 4
n− 2R˚ijR˚jkR˚ki
+
2(n− 2) + 2n(n− 1)t
n(n− 1) R|R˚ij|
2
)
− (1 + 2t)
∫
M
R˚ij,jR,i
=
∫
M
|∇R˚ij |2 −
∫
M
(
2WikjlR˚klR˚ij − 4
n− 2R˚ijR˚jkR˚ki
+
2(n− 2) + 2n(n− 1)t
n(n− 1) R|R˚ij|
2
)
− (n− 2)(1 + 2t)
2n
∫
M
|∇R|2 (2.8)
where we have used R˚ij,j =
n−2
2n R,i in the second equality. Thus, we obtain
the following result:
Lemma 2.1. Let Mn be a closed manifold and g be a critical metric for Ft
on M1(M
n). Then∫
M
|∇R˚ij |2 =
∫
M
(
2WijklR˚jlR˚ik − 4
n− 2R˚ijR˚jkR˚ki
+
2(n − 2) + 2n(n − 1)t
n(n− 1) R|R˚ij |
2 +
(n − 2)(1 + 2t)
2n
|∇R|2
)
. (2.9)
Next, by combining the relationship
RijklR˚jlR˚ik =WijklR˚jlR˚ik − 1
n(n− 1)R|R˚ij |
2 − 2
n− 2 R˚ijR˚jkR˚ki
with Proposition 4.1 in [4] (for the case of dimension three, see [9, Sect. 4]),
we obtain
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Lemma 2.2. Let Mn be a closed manifold. Then∫
M
|∇R˚ij|2 =
∫
M
(
WijklR˚jlR˚ik − n
n− 2R˚ijR˚jkR˚ki
− 1
n− 1R|R˚ij |
2 +
(n− 2)2
4n(n − 1) |∇R|
2 +
1
2
|Cijk|2
)
. (2.10)
The next lemma comes from [8,14] (for the case of λ = 2
n−2 , see [5]):
Lemma 2.3. For every Riemannian manifold (Mn, g) and any λ ∈ R, the
following estimate holds∣∣∣−WijklR˚jlR˚ik + λR˚ijR˚jkR˚ki∣∣∣
≤
√
n− 2
2(n− 1)
(
|W |2 + 2(n − 2)λ
2
n
|R˚ij |2
) 1
2 |R˚ij |2
=
√
n− 2
2(n− 1)
∣∣∣W + λ√
2n
R˚ic©∧ g
∣∣∣|R˚ij |2. (2.11)
The following lemma comes from [6], or see [7, Proposition 1.3]:
Lemma 2.4. An Einstein manifold (Mn, g) with positive scalar curvature
is of constant positive sectional curvature, provided( ∫
M
|W |n2
) 2
n
< Cn YM ([g]), (2.12)
where Cn is given by (1.8).
3. Proof of the main results
3.1. Proof of Theorem 1.1. Using (2.9) and (2.10), it is easy to see
0 =
∫
M
[
−WijklR˚jlR˚ik − n− 4
n− 2R˚ijR˚jkR˚ki
− 1
n− 1
(2(n− 2) + 2n(n− 1)t
n
+ 1
)
R|R˚ij|2
− n− 2
2n
(
(1 + 2t)− n− 2
2(n − 1)
)
|∇R|2 + 1
2
|Cijk|2
]
. (3.1)
Substituting the estimate (2.11) with λ = −n−4
n−2 into (3.1) gives
0 ≥
∫
M
[(
−
√
n− 2
2(n − 1)
∣∣∣W − n− 4√
2n(n− 2)R˚ic©∧ g
∣∣∣
− 1
n− 1
(2(n − 2) + 2n(n− 1)t
n
+ 1
)
R
)
|R˚ij |2
− n− 2
2n
(
(1 + 2t)− n− 2
2(n − 1)
)
|∇R|2 + 1
2
|Cijk|2
]
. (3.2)
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Note that, when t satisfies (1.4),
2(n − 2) + 2n(n− 1)t
n
+ 1 < 0, (1 + 2t)− n− 2
2(n− 1) ≤ 0.
Then we can use (1.5) to find
0 ≥
∫
M
[[
−
√
n− 2
2(n − 1)
∣∣∣W − n− 4√
2n(n− 2)R˚ic©∧ g
∣∣∣
− 1
n− 1
(2(n − 2) + 2n(n − 1)t
n
+ 1
)
R
]
|R˚ij|2
− n− 2
2n
(
(1 + 2t)− n− 2
2(n− 1)
)
|∇R|2 + 1
2
|Cijk|2
]
≥ 0, (3.3)
which shows that Mn is Einstein, completing the proof of Theorem 1.1.
3.2. Proof of Theorem 1.3. When t = −12 , we have (1 + 2t)R,ij = 0.
Thus by (1.7), the formula (2.7) becomes
1
2
∆|R˚ij |2 =|∇R˚ij |2 + n
2 − 3n+ 4
n(n− 1) R|R˚ij |
2
+
4
n− 2R˚ijR˚jkR˚ki − 2WikjlR˚klR˚ij
≥|∇R˚ij |2 +
[
n2 − 3n+ 4
n(n− 1) R
−
√
2(n − 2)
n− 1
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣
]
|R˚ij |2 ≥ 0 (3.4)
In this case, |R˚ij |2 is subharmonic onMn. Using the maximum principle, we
obtain that |R˚ij | is constant and∇R˚ij = 0, implying that the Ricci curvature
is parallel, hence the curvature tensor is harmonic and R is constant. In
particular, (3.4) becomes
[
n2 − 3n+ 4
n
√
2(n− 1)(n − 2)R−
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣
]
|R˚ij |2 = 0. (3.5)
If there exists a point x0 such that the inequality (1.7) is strict, then from
(3.5) we have |R˚ij|(x0) = 0 which with the fact that |R˚ij | constant shows
that R˚ij = 0, that is, M
n is Einstein, completing the proof of Theorem 1.3.
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3.3. Proof of Theorem 1.4. Using the Kato inequality |∇R˚ij| ≥ |∇|R˚ij ||,
we have from (2.9)∫
M
|∇|R˚ij ||2 ≤
∫
M
(
2WijklR˚jlR˚ik − 4
n− 2R˚ijR˚jkR˚ki
+
2(n− 2) + 2n(n− 1)t
n(n− 1) R|R˚ij|
2
+
(n− 2)(1 + 2t)
2n
|∇R|2
)
, (3.6)
which shows∫
M
|∇|R˚ij ||2 ≤(n− 2)(1 + 2t)
2n
∫
M
|∇R|2
+
2(n − 2) + 2n(n − 1)t
n(n− 1)
∫
M
R|R˚ij|2
+
√
2(n − 2)
n− 1
∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣|R˚ij|2, (3.7)
where we have used (2.11). This together with (1.3) gives
n− 2
4(n − 1)YM([g])
( ∫
M
|R˚ij |
2n
n−2 dvg
)n−2
n
≤(n− 2)(1 + 2t)
2n
∫
M
|∇R|2 + (n+ 8)(n − 2) + 8n(n− 1)t
4n(n− 1)
∫
M
R|R˚ij |2
+
√
2(n − 2)
n− 1
(∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 ) 2n( ∫
M
|R˚ij|
2n
n−2 dvg
)n−2
n
,
(3.8)
where we have used the Ho¨lder inequality∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣|R˚ij |2
≤
(∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 ) 2n(∫
M
|R˚ij |
2n
n−2 dvg
)n−2
n
. (3.9)
In particular, (3.8) is equivalent to[
n− 2
4(n− 1)YM ([g]) −
√
2(n− 2)
n− 1
(∫
M
∣∣∣W
+
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 ) 2n
](∫
M
|R˚ij |
2n
n−2 dvg
)n−2
n
≤(n− 2)(1 + 2t)
2n
∫
M
|∇R|2 + (n+ 8)(n − 2) + 8n(n− 1)t
4n(n− 1)
∫
M
R|R˚ij|2.
(3.10)
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It is easy to check that, for all n,
(n+ 8)(n − 2)
8n(n− 1) <
1
2
, (3.11)
which shows that 1+ 2t ≤ 0 implies (n+8)(n− 2) + 8n(n− 1)t < 0. Hence,
under the assumption (1.9), Mn must be Einstein.
When n = 4, 5, then (1.9) becomes
(∫
M
|W |n2
) 2
n ≤ 1
4
√
n− 2
2(n − 1)YM([g]) (3.12)
since Mn Einstein. By
1
4
√
n− 2
2(n − 1) < Cn, (3.13)
and with the help of Lemma 2.4, we can derive that Mn is of constant
positive sectional curvature, where Cn is given by (1.8).
When n ≥ 6, we can check that
Cn <
1
4
√
n− 2
2(n − 1) . (3.14)
Hence, if (1.10) holds, then (1.9) holds. So Mn is of Einstein and hence,
by Lemma 2.3, it is also of constant positive sectional curvature, completing
the proof of Theorem 1.4.
3.4. Proof of Theorem 1.6. In order to prove Theorem 1.6, we shall need
the following proposition.
Proposition 3.1. Let Mn be a closed manifold with positive scalar curva-
ture and g be a critical metric for Ft on M1(Mn) with (1 + 2t)R,ij = 0.
Then, for any α > 12 , we have
0 ≥
[(
2− 1
α
) n− 2
4(n − 1)YM([g])
− α
√
2(n − 2)
n− 1
(∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 ) 2n
]
×
(∫
M
|R˚ij |
2nα
n−2
)n−2
n −
[
2α[(n − 2) + n(n− 1)t]
n(n− 1)
+
(
2− 1
α
) n− 2
4(n− 1)
]∫
M
R|R˚ij|2α. (3.15)
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Proof. Since (1 + 2t)R,ij = 0, (2.7) becomes
|R˚ij |∆|R˚ij| ≥ − 2(n− 2) + 2n(n− 1)t
n(n− 1) R|R˚ij|
2
+
4
n− 2R˚ijR˚jkR˚ki − 2WikjlR˚klR˚ij
≥−
√
2(n− 2)
n− 1
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣|R˚ij|2
− 2(n− 2) + 2n(n− 1)t
n(n− 1) R|R˚ij|
2. (3.16)
Let u = |R˚ij|. Then for any α > 0, we have
uα∆uα =uα[α(α − 1)uα−2|∇u|2 + αuα−1∆u]
=
(
1− 1
α
)
|∇uα|2 + αu2α−2u∆u
≥
(
1− 1
α
)
|∇uα|2 − 2α[(n − 2) + n(n− 1)t]
n(n− 1) Ru
2α
− α
√
2(n − 2)
n− 1
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣u2α, (3.17)
and hence
0 ≥
(
2− 1
α
)∫
M
|∇uα|2 − 2α[(n − 2) + n(n− 1)t]
n(n− 1)
∫
M
Ru2α
− α
√
2(n− 2)
n− 1
∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣u2α. (3.18)
Therefore, by virtue of (1.3), we have for 2− 1
α
> 0
0 ≥
[(
2− 1
α
) n− 2
4(n − 1)YM([g])
− α
√
2(n − 2)
n− 1
(∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 ) 2n
]
×
(∫
M
u
2nα
n−2
)n−2
n −
[
2α[(n − 2) + n(n− 1)t]
n(n− 1)
+
(
2− 1
α
) n− 2
4(n− 1)
]∫
M
Ru2α, (3.19)
12 BINGQING MA, GUANGYUE HUANG, XINGXIAO LI, AND YU CHEN
where we have used the Ho¨lder inequality∫
M
∣∣∣W+
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣u2α
≤
(∫
M
∣∣∣W +
√
2√
n(n− 2)R˚ic©∧ g
∣∣∣n2 ) 2n(∫
M
u
2nα
n−2
)n−2
n
. (3.20)
So the proof of Proposition 3.1 is completed. 
Now, we are in a position to prove Theorem 1.6.
For n = 4, using (2.6), we obtain that the scalar curvature R is harmonic
and hence R is constant. Therefore, (3.15) becomes
0 ≥
[
1
6
(
2− 1
α
)
YM ([g]) − 2α√
3
(∫
M
∣∣∣W + 1
2
√
2
R˚ic©∧ g
∣∣∣2) 12
]
×
(∫
M
|R˚ij |4α
) 1
2 −
[
α(1 + 6t)
3
+
1
6
(
2− 1
α
)]∫
M
R|R˚ij|2α. (3.21)
Since t satisfies (1.12), we may take
α =
1−√1 + 2(1 + 6t)
−2(1 + 6t)
such that 2− 1
α
> 0. In this case, we have
α(1 + 6t)
3
+
1
6
(
2− 1
α
)
= 0.
Hence (3.21) becomes
0 ≥
[
1
6
(
2− 1
α
)
YM ([g]) − 2α√
3
(∫
M
∣∣∣W + 1
2
√
2
R˚ic©∧ g
∣∣∣2) 12
]
×
( ∫
M
|R˚ij |4α
) 1
2
. (3.22)
Therefore, under the assumption (1.13), we obtain that M4 is Einstein.
Moreover, in this case, (1.13) becomes(∫
M
|W |2
) 1
2
< −1 + 6t
2
√
3
YM([g]). (3.23)
We can check that
−1 + 6t
2
√
3
<
1√
6
, (3.24)
which, combined with Lemma 2.4, shows that M4 is of constant positive
sectional curvature, completing the proof of Theorem 1.6.
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4. Proof of Corollaries 1.5 and 1.7
In this last section, we provide the detail in proving Corollaries 1.5 and
1.7. For this, the following lemma by Catino (Lemma 4.1, [5]) is needed:
Lemma 4.1. Let (M4, g) be a closed manifold. Then
Y 2M([g]) ≥
∫
M
(R2 − 12|R˚ij |2), (4.1)
and the inequality is strict unless (M4, g) is conformally Einstein.
When n = 4, the pinching condition (1.9) can be written as∫
M
(|W |2 + |R˚ij |2) < 1
48
Y 2M ([g]). (4.2)
It holds by (4.1) that ∫
M
(|W |2 + |R˚ij |2)− 1
48
Y 2M ([g])
<
∫
M
(
|W |2 + 5
4
|R˚ij |2 − 1
48
R2
)
, (4.3)
from which Corollary 1.5 follows immediately.
On the other hand, (1.13) can be written as∫
M
(|W |2 + |R˚ij |2) < (1 + 6t)
2
12
Y 2M ([g]) (4.4)
which, combined with (4.1), gives∫
M
(|W |2 + |R˚ij |2)− (1 + 6t)
2
12
Y 2M ([g])
<
∫
M
(
|W |2 + [1 + (1 + 6t)2]|R˚ij |2 − (1 + 6t)
2
12
R2
)
, (4.5)
completing the proof of Corollary 1.7.
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